We study dynamics of a chiral soliton lattice (CSL) in a classical one-dimensional spin chain coupled to the conduction electrons under an electric field. The CSL has attracted much interest because its period can be easily controlled by an external magnetic field. We clarify the dependence of the CSL dynamics on its period. A collective coordinate and an SU (2) gauge method are used for the analysis. It turns out that the velocity of the CSL becomes slower as the period becomes longer. We also mention a relation between the velocity and the magnetic resistance.
Introduction
Recently, Dzyaloshinskii-Moriya (DM) 1, 2) interaction has attracted much attention. It is an interaction between spins which appears when the inversion symmetry is broken. One of the most interesting materials that have nonlinear spin structures is a chiral helical magnet (CHM); the CHM is a quasi one-dimensional system with the DM interaction parallel to the spin axis. When an external magnetic field is applied perpendicular to the one-dimensional direction, there is a competition between the Zeeman energy and the DM interaction. In this case, the period of the nonlinear spin structure continuously becomes longer when the magnetic field becomes larger; finally the system becomes a forced ferromagnet (FFM). Figure 1 shows this situation. This tunable superlattice is called a chiral soliton lattice (CSL). [3] [4] [5] Recently, several experiments have reported the realization of the CSL [6] [7] [8] . Inspired by these experiments, many experimental and theoretical studies have been carried out. It turned out that many fascinating phenomena occur from the interaction between the CSL and conduction electrons. 9) Togawa et al. 10) revealed that the magnetic resistivity (MR) depends on the period of the CSL in CrNb 3 S 6 that is one of the ideal materials realizing the CSL. They found a negative MR in a wide range of temperature. The origin of this negative MR is ascribed to the decrease of soliton density, in accordance with increasing the period upon increasing the magnetic field strength. In addition, discretization effects of the MR occur in a micro-meter size sample, where the number of solitons is limited to several hundreds.
11)
The above experiments show fascinating feature of the CSL; one can easily control various responses of the CSL by the external magnetic field. It is also expected that torque on the CSL induced by spin-polarized electric current can be controlled by the external magnetic field. This torque causes a dynamics of domain walls [12] [13] [14] and will have a large impact on application. 15, 16) However, the effects on the torques of changing the spin structure have not been well studied. There is a previous study on the dynamics of the CSL under an electrical current, 17) which shows that the CSL moves at a certain velocity after some relaxation time. However, in this work, only the limit of weak magnetic field was considered and consequently the effects of finite magnetic field on the torque were left unaddressed. Therefore, the magnetic field dependence of the dynamics of CSL is still unknown. In the present paper, we clarify the magnetic field dependence of the velocity of CSL starting from a microscopic 2/17 model and using the SU(2) spin gauge transformation which is applicable to an arbitrary spin structure. We will show that the torque from conduction electrons depends on the magnetic field and dynamics can be controlled.
The outline of this paper is as follows. In section 2, we show how the CSL changes under the external magnetic field; we construct the CSL lagrangian in section 3. In section 4, we solve the equation of motion. At this stage, we need to calculate the quantum expectation value of spins of the conduction electrons. Finally we show the period dependence of the CSL dynamics in section 5. We also mention a relation between the CSL dynamics and the MR.
Model and the CSL
We consider the CSL interacting with the conduction electrons through the s-d exchange interaction, which is described by the Hamiltonian, H = H CSL + H sd + H el with
Here, we use the polar angle of the classical spin, such as S = S n = S (sin θ cos ϕ, sin θ sin ϕ, cos θ), which gives the shape of the CSL. We will see later that θ and ϕ represent the out-of-plane and the in-plane angle, respectively. J(> 0) is the exchange interaction and D is coefficient of the DM interaction parallel to the one-dimensional direction. In the third term of Eq. (1), g is the gyromagnetic ratio, µ B is the Bohr magneton and a 0 is lattice constant. Hereafter we treat gµ B , a 0 and as 1 for simplify. H x is the external magnetic field acting on the local spins and perpendicular to the one-dimensional direction(see Fig. 1 ). It should be noted that L(H x ) is a magnetic-field-dependent length which represents the period of the CSL; in the following, we sometimes write L(H x ) as L.
In Eps. (2) and (3), we denote annihilation (creation) operators of electrons asĉ σ (ĉ † σ ) where σ = ± represents the spin state. J sd is the coefficient of the s-d interaction. We assume that the conduction electrons are three-dimensional, while the CSL does not depend on x and y. In Eq. (3), we assume that the conduction electrons do not feel the external magnetic field and A em is given by
where E is the applied homogeneous electric field parallel to the one-dimensional direction.
At the end of the calculation, frequency Ω 0 is set as Ω 0 → 0.
In this section, we analyze H CSL . By minimizing the energy, we can see that the ground state spin configuration is given by
where
, sn(z, κ) is the Jacobi's elliptic function, 18) and κ (0 ≤ κ ≤ 1) is the elliptic modulus(see Fig. 1 ). κ is determined from the following relation
is the critical magnetic field above which the system becomes the FFM. When the system is the FFM, κ = 1. In addition, κ = 0 and 0 < κ < 1 correspond to the CHM and the CSL, respectively. Typically, H c is not so high and H x c ≃ 0.23T in the case of CrNb 3 S 6 for instance. 7) From the nature of sn function, the period of the CSL is determined by
, K(κ) and E(κ) are the complete elliptic integral of the first kind and the second kind, respectively. The period L(H x ) monotonically increases from L(0) = 2π q 0 to infinity.
Since we study the states under the electric field, it is necessary to know the excited states.
Therefore, we introduce small deviation, δθ(z) and δϕ(z), of the local spins around the ground state by
By substituting Eqs. (9) and (10) into Eq. (1), and expanding the Hamiltonian with respect to δθ(z) and δϕ(z) up to the second order, we obtain
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withz = (m/κ)z. We set the ground state energy of CSL as 0.
To diagonalize Eq. (11), we treat the inhomogeneous gap ∆(z) as its average value∆
This approximation is valid in the weak field region. Then characteristics polynomial of Eq.
(11) are classified as the Lamé equation. 18, 20) We introduce eigenfunctions ν(z), u(z) and eigenvalues λ (θ) and λ (ϕ) which satisfy characteristics polynomials
They are labeled by an index q and given by
where θ 4 (z) is the Jacobi's theta function, N is a normalization constant, and ξ q is a shift parameter. 19, 20) ν q and u q are orthonormal eigenstates satisfying
Using these orthonormal basis, we expand the polar coordinates ϕ(z, t) and θ(z, t) as
5/17 q is gapless while the out-plane mode ǫ
q has a gap. There are other gaps at ±π/2K where a junction between acoustic branch and optical branch exists. 20) where η q (t) and ξ q (t) are the coefficients of each mode. Then, δH CSL is diagnalized as
In the weak field approximation, ǫ
q has a simple relation 19) ǫ (θ)
The spectrums are shown in Fig. 2 . The in-plane mode ǫ
q is gapless; it is related to the renormalized Klein-Gordon equation. 20) On the other hand, the out-plane mode ǫ
q has a finite gap, which corresponds to an energy tilting out of the easy-plane against the DM interaction.
The bottoms of the dispersions are called a zero-mode and a quasi-zero-mode, respectively.
Lagrangian and Equation of Motion
First, we construct the lagrangian. Hereafter, we only consider the quasi-zero-mode and ignore the other modes. This approximation corresponds to the assumption that CSL is sufficiently rigid. In this case, polar coordinates are written as
where Z(t) represents the coordinate of the CSL. Since the quasi-zero mode u 0 has a finite energy ǫ (θ) 0 while ϕ-mode is gapless, Eq. (23) is now given by
As a result, dynamical variables are only ξ 0 (t) and Z(t). So we reconstruct the lagrangian with these two variables. Lagrangian of spin system is written as
and
Here, we treat spins of the conduction electrons as their expectation values in H sd . Equation 
Note that K is independent of magnetic field.
To take into account a damping effect, we include the Rayleigh dissipation term
and α is a small coefficient α = 0.01 ∼ 0.1 representing the Gilbert damping. 21) Using the Eular-Lagrange-Rayleigh equation, 22) the equation of motion becomes
Hereafter, we only ξ 0 (t) and Z(t) up to linear terms in the equation of motion. F(<ŝ(z, t) >) and τ(<ŝ(z, t) >) mean the force and the torque to the local spins due to the conduction electrons, respectively, which are expressed as
with
where e θ (z, t) and e ϕ (z, t) are the unit vectors in the θ− and ϕ− directions in the spin space.
Note that θ and ϕ directions depend on z and t, and we only need the components of <ŝ(z, t) > perpendicular to n(z, t) (2) and (3)].
Since we change the period of the CSL, we cannot use the hopping gauge method used in the preceding work 17) which is valid only in the CHM case. Instead, in this paper, we use a local gauge transformation in spin space which diagnalizes the s-d coupling such that
where σ means the Pauli matrix. U(z, t) is a 2×2 unitary matrix and its explicit form is given by
After this unitary transformation, a new electronâ(x, t) operator is defined aŝ
In this frame work, H sd in Eq. (2) becomesH sd = −S J sd d 3 xâ † (x)σ zâ (x). Alternatively the electrons represented byâ(x, t) feel the SU(2) gauge field which arises from ∂ µĉ (x, t) = U(z, t)(∂ µ + iA µ (z, t))â(x, t), where µ = 0 or z (∂ 0 = ∂/∂t) with
Note that only A z (z, t) and A 0 (z, t) are nonzero.
By this gauge transformation, the Lagrangian for the conduction electrons (L electron = 9/17
)e iqz represents the Fourier transform of
A µ (z, t), and
q represents the momentum of the CSL. Hereafter we treat A µ perturbatively because the structure of the CSL changes slowly in the real space.
To study the dynamics of the CSL, we need to calculate <ŝ(z, t) > of the conduction electron. The expectation value <ŝ(z, t) > is obtained as
which is the Keldysh lesser Green function. We define spin density without the factor 1 2 . Tatara et al. 23) obtained this quantity for general cases using the diagrammatic perturbation theory at T = 0. Using their results, we obtain
with e z being (0,0,1) and
Here, <ŝ
θ (z) > and <ŝ (1) ϕ (z) > are the terms proportional to E and Ω 0 → 0 limit has been taken. In χ As a further approximation, we consider adiabatic approximation. 24) In this approximation, we assume that the spin of conduction electron completely follows the local spin S n(z, t).
This situation is realized by neglecting the q-dependences of χ
. In the present case, we obtain
are the spin density and spin current density of conduction electrons, respectively, and n ± means the density of electrons which have the spin ± in theâ k flame determined from ǫ k,± in 11/17 Eq. (50). Substituting these values into Eqs. (53) and (54), we obtain 24) <ŝ (ad) 
After some algebra, Eqs. (38) and (39) becomes
The above results are in the adiabatic approximation. However, in this approximation, the dynamics of CSL stops after a certain relaxation time, which is unphysical. Therefore, we consider the non-adiabatic force F (non−ad) in addition to F (ad) . In the adiabatic approximation, the expectation value of conduction electrons depends only on the spin configuration n(z, t) at the same position. However, the non-local contributions with q 0 in χ (i) j (q) neglected in the adiabatic approximation give the non adiabatic force. In the present case, F (non−ad) acts same as the so-called β term. 25, 26) Using a similar method by Tatara et al., 23) we obtain
In calculating F (non−ad) , we treated θ = π 2 and ϕ = ϕ 0 for simplicity. In other words, we have 12/17 ignored the effect of the quasi-zero mode. We have also assumed that ǫ F >> S J sd . We will see later that F (non−ad) represents the reflection of the conduction electrons by the CSL.
Non-adiabatic torque contributions, which arise in the same manner with F (non−ad) , only
gives a renormalization factor of the second term in Eq. (64), so we ignore these contributions.
Result
Substituting F(<ŝ(z, t) >) = F (ad) + F (non−ad) and τ(<ŝ(z, t) >) = τ (ad) into Eqs. (36) and (37), we obtain the equation of motion of the CSL.
By eliminatingŻ(t) from Eqs. (67) and (68), and imposing a boundary condition ξ 0 (0) = 0, we obtain
Then the velocity of CSL becomesŻ
After the relaxation time 1 λ , the velocity of the CSL becomes the terminal velocity V * .
It is apparent that F (non−ad) makes a qualitative change in dynamics; in the adiabatic limit, the terminal velocity is zero because F (non−ad) = 0. The direction of motion is opposite to a current, in other words, in the same direction as the carriers flow. We also point out that the CSL tilts out of the easy-plane by δθ = u 0 (z − Z(t))ξ * under the electric field.
We show magnetic field (H x ) dependence of V * in Fig. 3 . The terminal velocity of the CSL decreases when the magnetic field increases. It becomes zero when the magnetic field reaches the critical field H x c , where the system becomes the FFM state. It is quite natural that the velocity becomes slow when the density of solitons decreases, because the torque is generated by the spatial modulation of the spin configuration.
As already mentioned, we have used the approximation which is valid in the weak magnetic field region. Therefore, when H x is close to H x c , our model is not exact. However in the FFM state, it is natural to expect that no motion occurs under the electric field. Thus it appears that the tendency shown in Fig. 3 Finally we mention a relation between the terminal velocity and the magnetoresistance.
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The resistivity ρ s due to the spin structure is given by 24) ρ s = 4πJ sd e 2 n 2 1 V k,q,σ |A σ z (q)| 2 δ(ǫ k± )δ(ǫ k+q−σ − ǫ kσ ).
Therefore, we can see
In other words, F (non−ad) is the react of the momentum transfer of conduction electrons which causes the resistance. This is consistent with the previous experiment 10) which shows a negative MR in proportion to the CSL density. The H x dependence in Fig. 3 is not exactly the same as that of the CSL density. To compare with experimental results more closely, we need to consider other contributions to the resistivity coming from the other mechanisms than the present mechanism. It remains as a future problem.
conclusion
In this paper, we extend the theory of the CSL motion to the finite magnetic field. We point out that the torque from the conduction electrons changes as a function of the external magnetic field. As a result, the terminal velocity of the CSL decreases when the magnetic field increases. It is one of the most important features of the CSL that we can controll the responses by the external magnetic fields. We wish our tunable local spin dynamics opens a new door in the research of spintronics.
